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Abstract. The central issue of inference validity, that guarantees the
correctness of reasoning and thus that of derived knowledge, depends
on the definition of both implication operator and tautology. This pa-
per studies the modus ponens validity in the case of intuitionistic fuzzy
logic, in an experimental framework: considering 18 classical implication
operators, it shows that validity usually does not hold for the classical
definition of intuitionistic fuzzy tautology. It proposes two alternative,
more constrained, tautology definitions, studying them with the same
protocol, showing they make it possible to decrease the number of in-
valid implication operators.
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1 Introduction

The validity of modus ponens is a crucial aspect for any form of knowledge
inference, as it guarantees the correctness of reasoning. In the general case, the
validity property of an inference rule ensures that true premises always lead to a
true conclusion. In other words, a valid inference is one in which the conclusion
must be true, if the premise is.

In classical propositional logic, the modus ponens is indeed a valid rule of
inference, as can be proven using Boolean logic definitions. It can be summarized
as allowing to infer the conclusion C from a premise P = {A,A → C}: if one
asserts that P is true, one can infer that C is true.

Intuitionistic fuzzy logic [2, 1] introduces more expressivity, in a gradual logic
framework: it allows not only to define degrees of truth, but also to simultane-
ously observe degrees of falsehood. It then proposes new definitions for implica-
tion operators and for tautology [2, 3], that must be used to prove the validity of
the modus ponens. Unfortunately, as observed in some particular cases by some
authors [2, 6, 4], and thoroughly in this paper, the validity of the modus ponens
is not guaranteed for most intuitionistic fuzzy implications.

We propose to interpret this observation as due to the fact that the classical
intuitionistic fuzzy tautology [2] is too optimistic and we propose alternative,
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stricter, definitions. The latter also aim at proposing a more intuitive approach
to tautology with respect to ignorance processing: through the expressivity al-
lowed by the 2 degrees, of truth and falsehood, intuitionistic fuzzy logic makes
it possible to model distinct levels of knowledge and in particular ignorance, as
neither positive (i.e. formula with degree of truth greater than degree of false-
hood) nor negative knowledge (reciprocally, formula with degree of truth lower
than degree of falsehood). The proposed tautology definitions make it possible
to express the notion of being “certainly true”, whereas the classical definition
considers ignorance as a tautology.

The paper is organized as follows: after recalling some notations and formal
definitions in Section 2, it introduces in Section 3 the two new, more constrained,
intuitionistic fuzzy tautology definitions. Section 4 presents the experimental
study that aims at identifying counterexamples to possibly invalidate intuition-
istic fuzzy implications, considering 18 operators from the state of the art. The
modus ponens validity is experimentally checked for the 3 definitions of tautol-
ogy, indicating that the more constrained alternatives indeed make it possible
to decrease the number of invalid implication operators.

2 Usual definitions in intuitionistic fuzzy logic

2.1 Intuitionistic fuzzy sets

An intuitionistic fuzzy set A defined over a universe X can be seen as an ex-
tension of a fuzzy set, characterized by both a membership function µA and a
non-membership function νA. It is written A = {〈x, µA(x), νA(x)〉 | x ∈ X}. The
membership and non-membership functions take their values in [0, 1] and satisfy
the condition that ∀x ∈ X,µA(x) + νA(x) ≤ 1.

An intuitionistic fuzzy set can be represented on the complete lattice (L,≤L)
defined as follows:

Definition 1. The intuitionistic fuzzy lattice is defined as

L = {(x1, x2) ∈ [0, 1]2 | x1 + x2 ≤ 1)}

equipped with the comparison operator ≤L defined as

(x1, x2) ≤L (y1, y2) iff x1 ≤ y1 and x2 ≥ y2

Reference points of special interest in this lattice are the three extreme points
denoted 1L = (1, 0), 0L = (0, 1) and UL = (0, 0).

2.2 Intuitionistic fuzzy set operators

The set operations on intuitionistic fuzzy sets are written through extensions
of the fuzzy set operations, we recall here the definition of intuitionistic fuzzy
t-norms, used to compute the intersection:
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Definition 2. An intuitionistic fuzzy t-norm T is a mapping T : L×L→ L that
is commutative (T (x, y) = T (y, x)), associative (T (x, T (y, z)) = T (T (x, y), z)),
monotonous (x ≤L y and x′ ≤L y′ ⇒ T (x, y) ≤L T (x′, y′)) and satisfies the
boundary condition T (x, 1L) = x.

Likewise, an intuitionistic fuzzy t-conorm S is defined as a mapping S : L×
L→ L that is commutative, associative, monotonous and satisfies the boundary
condition S(x, 0L) = x.

Among the intuitionistic fuzzy t-norms, the category of t-representable t-
norms is of special interest:

Definition 3. A t-representable intuitionistic fuzzy t-norm is a t-norm T such
that there exists a fuzzy t-norm T and a fuzzy t-conorm S such that

T ((x1, x2), (y1, y2)) = (T (x1, y1), S(x2, y2))

2.3 Intuitionistic fuzzy implication operators

General definition Intuitionistic fuzzy logic extends fuzzy logic to process
intuitionistic fuzzy sets and is based on extensions of the fuzzy operators, mem-
bership and non-membership degrees being interpreted as degrees of truth and
falsehood respectively. Regarding the implication operators, that play a crucial
role in the definition of any new logical framework, very few properties have
been required for a mapping to be considered as such [2, 5]. Formally

Definition 4. An intuitionistic fuzzy implication operator I is a mapping I :
L× L→ L that

– satisfies the 4 boundary conditions: I(0L, 0L) = 1L, I(0L, 1L) = 1L, I(1L, 0L) =
0L and I(1L, 1L) = 1L

– is decreasing in its first component: x ≤L x
′ ⇒ I(x, y) ≥L I(x′, y)

– is increasing in its second component: y ≤L y
′ ⇒ I(x, y) ≤L I(x, y′)

Residuated implication operators Intuitionistic fuzzy residuated implica-
tion operators, also called R-implicators, have been introduced by [4], as a direct
extension of the fuzzy case: the inequality constraint between fuzzy degrees in
[0, 1] is replaced by the lattice comparison operator between intuitionistic couples
in L:

Definition 5. Given an intuitionistic fuzzy t-norm T , the intuitionistic fuzzy
residuated implication operator is defined as the mapping I : L × L → L such
that

∀(x, y) ∈ L2, I(x, y) = sup{γ ∈ L | T (x, γ) ≤L y}

The residuation makes it possible, based on different intuitionistic fuzzy t-
norms, to obtain a large number of implications operator.
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Name Value of the implication I((x1, x2), (y1, y2))

Zadeh 〈max(x2,min(x1, y1)),min(x1, y2)〉
Gaines-Rescher 〈1− sg(x1 − y1), y2 · sg(x1 − y1)〉
Gödel 〈1− (1− y1) · sg(x1 − y1), y2 · sg(x1 − y1)〉
Kleene-Dienes 〈max(x2, y1),min(x1, y2)〉
 Lukasiewicz 〈min(1, x2 + y1),max(0, x1 + y2 − 1)〉
Reichenbach 〈x2 + x1y1, x1y2〉
Willmott 〈min(max(x2, y1),max(x1, x2),max(y1, y2)),

max(min(x1, y2),min(x1, x2),min(y1, y2))〉
Wu 〈1− (1−min(x2, y1)) · sg(x1 − y1),

max(x1, y2) · sg(x1 − y1) · sg(y2 − x2)〉
Klir and Yuan 1 〈x2 + x2

1y1, x1x2 + x2
1y2〉

Klir and Yuan 2 〈y1sg(1− x1) + sg(1− x1)(sg(1− y1) + x2 · sg(1− y1)),
y2sg(1− x1) + x1 · sg(1− x1)sg(1− y1)〉

Atanassov 1 〈1− (1− y1) · sg(x1 − y1), y2 · sg(x1 − y1)sg(y2 − x2)〉
Atanassov 2 〈max(x2, y1), 1−max(x2, y1)〉
Atanassov and Kolev 〈x2 + y1 − x2y1, x1y2〉
Atanassov and Trifonov 〈1− (1− y1)sg(x1 − y1)− y2sg(x1 − y1)sg(y2 − x2),

y2sg(y2 − x2)〉
Atanassov 3 〈1− (1−min(x2, y1)) · sg(sg(x1, y1) + sg(y2, x2))

−min(x2, y1) · sg(x1 − y1) · sg(y2 − x2),
1− (1−max(x1, y2)) · sg(sg(x1 − y1) + sg(y2 − x2))

−max(x1, y2) · sg(x1 − y1) · sg(y2 − x2)〉
R-Goguen residuation of T (x, y) = (x1 · y1, x2 + y2 − x2 · y2)
R- Lukasiewicz residuation of T (x, y) = (max(x1 + y1 − 1, 0),min(x2 + y2, 1))
R-Gödel residuation of T (x, y) = (min(x1, y1),max(x2, y2))

Table 1. Considered implication operators. sg(x) = 1x>0 and sg(x) = 1x≤0

Considered implication operators In this paper, we study 18 classical im-
plication operators, listed in Table 1: the first 15 are the general operators listed
in [3], the last 3 are residuated operators.

The  Lukasiewicz residuated implication is obtained with the t-representable
intuitionistic fuzzy t-norm based on the fuzzy t- norm and conorm of the same
name; the Goguen operator is built with the probabilistic one. The Gödel residu-
ated operator is obtained using Zadeh t-representable intuitionistic fuzzy t-norm
and is not to be confused with the Gödel intuitionistic fuzzy implication intro-
duced in [1]. The latter is also considered in this study, its definition is given in
the third row of Table 1.

2.4 Intuitionistic fuzzy tautology

In formal logic, a tautology translates the idea of universal truth. In the intu-
itionistic fuzzy logic case, it has been expressed in the following definition [2], to
which we will refer as classical throughout this paper: confusing a formula with
its truth value,
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Definition 6. x = (x1, x2) ∈ L is an intuitionistic fuzzy tautology iff x1 ≥ x2.

This definition imposes that the degree of truth is greater than the degree of
falsehood for an intuitionistic couple to be considered as a tautology.

2.5 Validity

As mentioned in the introduction, the validity of the modus ponens can be
characterized in terms of truth values. The transposition to the intuitionistic
fuzzy framework is defined as [4]:

Definition 7. The modus ponens is valid for an intuitionistic fuzzy implica-
tion I iff, if P is tautology and I(P,C) is a tautology, then C is a tautology.

It can immediately be noticed that the validity of an implication operator directly
depends upon the definition of the tautology. In the following we present some
alternative definitions.

3 Proposed alternative intuitionistic fuzzy tautologies

Several authors [6, 4, 2] have noticed that for usual intuitionistic fuzzy implica-
tion operators the modus ponens is not valid according to the tautology definition
given in Def. 6, as also observed and commented in Section 4. In this section,
we propose and discuss two alternative definitions.

Besides the validity objective, the proposition of alternative tautology def-
initions also aims at better matching intuitive expectations: with the classical
definition (Def. 6), the point UL = (0, 0) is considered as a tautology, which is
counter-intuitive. Indeed, this value, for which both truth and falsehood degrees
equal 0, is closer to the notion of “unknown”, modelling total ignorance, rather
than to the one of “true”.

The two proposed tautology definitions attempt to overcome these flaws, by
imposing additional requirements to exclude some cases from being considered
as true.

The first one, which we propose to call certain tautology, requires a minimum
knowledge level, through the addition of a constraint on the uncertainty degree,
defined for x = (x1, x2) ∈ L as π(x) = 1−x1−x2: it makes it possible to prevent
an almost unknown situation to be considered as a tautology. Formally

Definition 8. x = (x1, x2) ∈ L is a certain intuitionistic fuzzy tautology iff
x1 ≥ x2 and π(x) = 1− x1 − x2 ≤ 0.5.

The second tautology definition, inspired by the fuzzy case [7], is even stronger.
It imposes the truth degree to be meaningful enough, instead of comparing it to
the non-truth degree as is done in the usual definition:

Definition 9. x = (x1, x2) ∈ L is a truth intuitionistic fuzzy tautology iff
x1 ≥ 0.5.
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It can be underlined that choosing 0.5 as threshold automatically guarantees
that the truth degree is larger than the non-truth degree. Furthermore, it also
guarantees that the uncertainty degree is lower than 0.5.

The three definitions thus satisfy an inclusion property: all truth tautologies
(Def. 9) are certain tautologies (Def. 8) which, in turn, are classical tautologies
(Def. 6). This also means that the truth tautology is stronger than the certain
one which is stronger than the classical one.

4 Validity experimental study

4.1 Experimental protocol

The principle of the proposed experimental study consists in looking for coun-
terexamples of the validity property, i.e. (x, y) couples in L2 such that x and
I(x, y) are tautologies but y is not: the protocol consists in first randomly gen-
erating 10, 000 (x, y) couples in L under a uniform distribution and keeping the
ones for which x and I(x, y) are tautologies, which can be considered as can-
didate counterexamples. The candidates are then tested to check whether y is
a tautology, leading to actual counterexamples. This protocol is applied to the
18 implication operators listed in Table 1, for the three considered tautology
definitions.

Figures 1, 2 and 3, commented below, display the results graphically for
all implications studied in this work, in the same order as their definition in
Table 1. They show the identified actual counterexamples: each segment joins a
point x = (x1, x2) and a point y = (y1, y2) that constitute a counterexample; for
each segment, the conclusion y is represented by a black point. Valid cases are
not represented.

Table 2 gives the corresponding numerical values in the form a/b = c: in
each case a and b respectively indicate the number of actual and candidate
counterexamples and c the quotient of these two quantities.

4.2 Validity results

Classical tautology definition It can be seen that in 14 cases out of 18,
validity counterexamples are indeed found: this shows that, for most considered
implication operators, the validity property does not hold.

A major difference can be observed among the 4 implication operators where
no counterexample is identified, namely Willmott, Klir-Yuan 2, Atanassov 2
and Atanassov 3. Indeed, for the Klir-Yuan 2 operator, among the 10, 000 tested
random intuitionistic couples, no one is such that x and I(x, y) both are tautolo-
gies. This corresponds to a very pessimistic behavior, which makes this operator
unusable for any practical purpose. Quite the opposite, the Willmott operator
maximizes the number of candidate counterexamples, as 2099 are considered as
such; however not a single of these candidates turns out to be an actual coun-
terexample, which constitutes an interesting property. The Atanassov 2 and
Atanassov 3 operators have intermediary behaviors.
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Along the same lines, it can be observed that the invalid operators vary
to a large extent regarding the number of candidate counterexamples. Some of
these implications ( Lukasiewicz, Reichenbach, Klir-Yuan 1, Atanassov-Kolev,R-
Goguen and R- Lukasiewicz operators) appear to be very often true, generating
more than 3,000 candidate counterexamples. However it appears that the latter
very often turn out to be actual counterexamples, leading to proportion larger
than 29% and up to 44% for the  Lukasiewicz operator.

Certain tautology definition It can be seen from the second column of the
figures that, using the more constrained definition of certain tautology, in all
cases but 2 (Willmott and Atanassov 3 operators), the number of counterexam-
ples significantly decreases; it is also very low for the two exceptions.

Nevertheless, as some counterexamples are still identified, the certain tautol-
ogy does not solve the validity issue: the 14 previous invalid operators still are
invalid, the Willmott and Atanassov 3 operators are added.

Table 2 shows that although the number of counterexamples decreases, the
number of candidates also decreases, leading to a proportion that does not sig-
nificantly decreases and even increases in some cases.

Truth tautology definition The third column in the figures shows that the
truth tautology definition only leads to 6 invalid implication operators, namely
 Lukasiewicz , Reichenbach, Klir-Yuan 1, Atanassov-Kolev as well as the residu-
ated Goguen and the residuated  Lukasiewicz. For the last two, we believe that
the problem may come from the residuation procedure; future work will focus
on the latter. In all cases, the number of counterexamples decreases as compared
to the certain tautology definition.

It can also be noticed that for all operators for which no counterexamples
is found except Gaines-Rescher, Wu and Atanassov 3, the number of candidate
counterexamples is actually the same, 623: the (x, y) couples such that x and
I(x, y) as tautologies are the same whatever the implication is, which suggests
that this definition of tautology is a robust one: this definition provides a stable
compromise of what can be considered as true and can be implied as true.

Regarding the invalid operators, the graphics show areas where the modus
ponens is not valid: for the classical tautology, all counterexample conclusions
are placed above the diagonal, which is consistent with its definition. This area
is extended when using the certain tautology and for the truth tautology, the
false conclusions are placed on the left side of the graph.

5 Conclusion and future works

The experimental study conducted in this paper shows that, when considering
the classical intuitionistic fuzzy tautology definition, among 18 classical intu-
itionistic fuzzy implication operators, 14 fail to satisfy the validity property that
is crucial for knowledge inference.
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We introduced a stricter tautology definition, called truth tautology, that
appears to possess 3 essential properties: first, it overcomes one usual critic of
the classical definition, namely the fact that ignorance is considered as a tau-
tology, which is counter-intuitive and not satisfactory. Second, the carried out
experiments suggest that under this definition, most implications satisfy the
desired validity property. This makes it a candidate viable tautology in terms
of knowledge inference and thus artificial intelligence in the intuitionistic fuzzy
framework. Third, the result comparison across these non invalid implication op-
erators, and more precisely the number of candidate counterexamples, suggests
that the truth tautology provides a stable compromise of what can be considered
as true and can be implied as true.

Further works will focus on a formal detailed analysis of the proposed tautol-
ogy definition and in particular the mathematical proof of the validity property
for implication operators. Another perspective aims at re-examining intuitionis-
tic fuzzy results established with the classical tautology definition and replacing
it with its truth variant. It can be expected that the results hold, since the truth
version is included in the classical one.
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Fig. 1. Validity counterexamples for the first 6 implications and the 3 tautology defi-
nitions
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Fig. 2. Validity counterexamples for the next 6 implications and the 3 tautology defi-
nitions
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Classical (Def. 6) Certain (Def. 8) Truth (Def. 9)
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Fig. 3. Validity counterexamples for the last 3 and the 3 residuated implications and
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Classical Certain Truth
(Def. 6) (Def. 8) (Def. 9)

Zadeh
394

2957
= 0.13

158

1444
= 0.11

0

623
= 0

Gaines-Rescher
197

1509
= 0.13

49

785
= 0.06

0

325
= 0

Gödel
197

2760
= 0.07

49

1467
= 0.03

0

623
= 0

Kleene-Dienes
394

2957
= 0.13

158

1576
= 0.10

0

623
= 0

 Lukasiewicz
2047

4610
= 0.44

852

2190
= 0.39

500

1123
= 0.44

Reichenbach
1314

3877
= 0.34

764

1918
= 0.40

199

693
= 0.29

Willmott
0

2099
= 0

81

1450
= 0.06

0

623
= 0

Wu
394

2355
= 0.17

49

785
= 0.06

0

325
= 0

Klir-Yuan 1
1362

3925
= 0.35

641

1530
= 0.42

70

349
= 0.20

Klir-Yuan 2
0

0
= NaN

0

0
= NaN

0

0
= NaN

Atanassov 1
394

2957
= 0.13

49

1341
= 0.07

0

623
= 0

Atanassov 2
0

1297
= 0

0

963
= 0

0

623
= 0

Atanassov-Kolev
1612

4175
= 0.39

1003

2409
= 0.42

337

960
= 0.35

Atanassov-
Trifonov

289

2852
= 0.10

34

1326
= 0.03

0

623
= 0

Atanassov 3
0

685
= 0

15

533
= 0.03

0

227
= 0

R-Goguen
1723

4286
= 0.40

1634

3052
= 0.54

1023

1646
= 0.62

R- Lukasiewicz
1048

3611
= 0.29

652

2060
= 0.32

467

1090
= 0.43

R-Gödel
289

2851
= 0.10

34

1325
= 0.03

0

623
= 0

Table 2. Counterexample proportion for all implications studied in this paper and the
three tautology definitions


