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Abstract 

We introduce a new way of constructing 
aggregation operators based on the 
metaphor of a balance. This method is 
enough general to include operators of the 
most common aggregation families and 
their specific comportments. So we obtain a 
general framework, that allows us to 
compare the different existing operators and 
to create new ones. The use of a metaphor 
provides an intuitive representation of the 
operator. 
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1 Introduction 

The problem of aggregating fuzzy sets in a 
meaningful way has been of a central interest since 
the late 1970s. In most cases, the aggregation 
operators are defined on a pure axiomatic basis 
forgetting usually to give a global intuitive vision of 
the comportment. 

That is why, in this paper, we present a new way, 
based on a metaphor, to conceive new aggregation 
operators. The use of a metaphor offers the 
possibility to illustrate the mathematical and 
axiomatic choices, providing in this way an intuitive 
vision of the behavior of the operator.    

In [6] we showed that not only this new family is 
meaningful, but also it is enough general to include 
operators of the most common aggregation families 
and their specific comportments.  

In this paper we begin by showing how we establish 
a strong relationship of the physical model and a 
mathematical aggregation operator by using the 
metaphor. We follow step by step the construction of 
a balance and we study simultaneously the effect of 
the choices being performed on the mathematical 
model. We finish by justifying why we consider that 
this model can be very interesting. 

2 Construction of the Balance. 

The construction of a new mathematical aggregation 
operator, as we said, is based on the metaphor of a 
balance. The idea is to establish a strong relationship 
between a real world object, on which we have a lot 
of natural intuition, with an abstract mathematical 
formula. In order to achieve this project we proceed 
as follows: We start with a physical model of a real 
balance. Then using basic physics, we establish the 
mathematical formula that gives us the total weight 
read on the balance based on the weights put on the 
lever. We will then state that this formula is nothing 
else than a general form of several aggregation 
operators.  

2.1 The physical model 
The physical model of a balance we use is shown in 
Figure 1, where di is the distance of the object i to 
the fulcrum, mi its mass, g the acceleration due to the 
gravity, k is the constant of stiffness of the spring, 
and finally α is the angle between the lever and the 
horizon. 

 

 

 

 
  

mailto:Marcin.Detyniecki@lip6.fr
mailto:Bernadette.Bouchon-Meunier@lip6.fr


Figure 1: The balance model 

2.2 The physics laws 
Newton's Second Law gives us the following 
equation: 

02211 =⋅⋅+×⋅+×⋅ ukdgmdgm α  (1) 

Let e be the position of the fulcrum on the lever, xi 
the position of the object i and ii mgw ⋅= , the 
weight of the object i, then executing the vector 
product, projecting on the x-axis, and for α close to 
zero, we obtain: 

02211 =+⋅+⋅ αkdwdw  (2) 

where d is what physicist call the oriented distance:  

( )exd ii −=  (3) 

If we want to read the result of the weight, we only 
need to know the angle α. So, we solve for that the 
equation on α: 

( )2211
1 dwdw
k

+−=α  
(4) 

We can easily generalize this result to n weights: 
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2.3 The balance equation with topological 
transformation 

If we look closer to what we called the oriented 
distance, we will see that it is a function that 
associates to each point x, of the natural scale of the 
lever, a value of "distance with sign". We have in the 
presented model a linear function, but we can 
imagine that we want to distort the topology of the 
scale [6] by using a non-linear function  f : x → f (x) 
.  

Taking this into account, the equation of the balance 
(5) becomes:  
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Let be ( )∑
=
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n
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1
, then the previous 

equation can be written:  

y
k

⋅−= 1α  
(7) 

We observe here, once more, a linear function. This 
operator associates to each point y, a value of α. In 
other words it is the scale drawn on the balance (the 
weight scale). We can here also decide that the scale 
will not be linear. If we call h: y → h (y), the new 
non-linear function, the balance equation becomes: 

( )
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ii xfwh

1
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(8) 

Here α can be understood as the value read on the 
weight-scale of the balance. In fact it is the 
transformation by h of the angle between the lever 
and the horizon. So, what we obtaine here, is the 
formula that computes the total weight from the 
single weights. And that is exactly the idea of an 
aggregation operator.  

We observe in formula (8) that the weight i is 
automatically associated to the argument i. This 
need not to be always true. We can imagine a 
function σ that associates each weight i an particular 
argument i' = σ(i).  The equation can be expressed  
by : 

m1g 

m2g 

d1 
d2 

α 

k 



( ) ( )




 ⋅= ∑

=

n

i
ii xfwh

1
σα  

(9) 

We will call this formula (9) the balance equation. 

If we now compare this equation to others classical 
operators, we will notice that it is the general form 
[2],[21] of a lot of classical operators. In [6], we 
showed that this formula appears in the case of 
continuous archimedean t-norms and t-conorms 
[16],[18]; quasi-arithmetic means [1],[15],[8],[9]; 
associative compensatory operators [12],[17]; 
aggregative operators [7], OWA [20],[23]; MICA 
[11]; and uninorms [22],[10]. The mathematical 
aspects of this kind of operators has been studied in 
[14] and [4]. 

3 How to construct your personal 
aggregation operator? 

Here we are going to follow the natural way of 
building a balance. We will first place the fulcrum, 
which corresponds in some situations to the neutral 
element. Then we will put the lever and its scale by 
fixing the function f. The construction of the total-
weight will be done by the choices of the h function. 
We will finish by discussing how to associate the 
weights to the different arguments.   

3.1 Place the neuter element. 
The first thing to do is to place the neuter element e, 
which corresponds in our metaphor to place of the 
fulcrum. The neuter element is a value associated to 
an argument that should not have any influence in 
the aggregation.  Once the neuter element is fixed, 
we remark that if we have two arguments on the 
same side (both on the left of e or on the right) we 
have a reinforcement comportment.  But if they are 
disposed on both sides we will have a 
counterbalance behavior. So the position of the 
neuter element not only implies the neuter value but 
also the distribution of negative and positive 
reinforcement areas. Once the value of e is fixed, 
then the next step is to choose the function f. 

3.2 The Function  f. 
Fixing the image of the neuter element: The first 
thing that we have to do is to take into account our 
last choice (the neuter element). Then, taking into 

account our notation, the function f we choose has to 
equal zero for the neuter element e: 

0)( =ef  (10) 

The form of the function: Now that we fixed one 
point, we have to choose the form of the function f. 
We know that f performs a topological 
transformation on the scale of the lever. We can 
interpret the action of this function, saying that it 
positions the arguments on the balance. In other 
words, the form of this function will change the 
placement of the weights. To illustrate this, let us 
consider for example that f  is constant on an 
interval, then all arguments on this interval will be 
placed at the same position. Another important 
aspect related to the form is that the farther the 
elements are placed from the neuter element the 
more influence they will have. And that an element 
is placed far if the value of the function f on that 
point is high.  

The steepness: If we analyze more precisely the 
form of the function, we will remark that the less the 
function f is steep in a region, the more the elements 
in this region will be placed in a serried way. That 
means that, for example, a small variation of x in a 
region where f is steep will produce an enormous 
variation in the aggregation. A simply way to 
quantify this "steepness" and so the sensibility, is to 
use the derivative of f. For more details about this 
particular point see [6]. In mathematical terms, 
where the derivative of f is high then the sensitivity 
is high. To illustrate this, let us consider the limit 
case, when the value of the derivative is zero. This 
implies that the function f is constant. We have seen 
that in this case all arguments are placed at the same 
position. 

The monotonicity: Taking into account that f is a 
topological transformation of a scale, a natural 
choice is to consider that the function f is monotone. 
This means that you will have a gradual 
comportment: the more you move away (or you 
approach) an argument from the neuter element, the 
more (or the less) it will have an influence on the 
result. This characteristic seems for some authors as 
compulsory for the aggregation operators [13] and 
appears in their definitions (axioms). But after all, 
we may decide that we do not need this property. 
This may be interesting if, for example, we want that 
after a certain threshold the influence of the 
arguments decrease, because for instance the 



arguments are too extreme. We can perform this 
behavior by changing at this point the tendency of 
the monotonicity. 

The continuity: Another natural choice is to use a 
continuous function. This means that you will have a 
regular positioning on the lever. Indeed the 
continuity translates the fact that if you change a 
little an argument, its position will change just a 
little, without jumping. Again we may decide that, 
after a threshold, the arguments have to be placed at 
another place on the lever. This can be performed by 
a discontinuity at the threshold. An example of such 
type of functions is a step function. In this case 
groups of arguments are placed on precise positions.   

3.3 The Function  h. 
We can interpret the action of the function h, saying 
that it associates to the angle between the lever and 
the horizon the value read on the weight-scale of the 
balance.  

Weight of an empty balance: Taking into account 
that we fixed the neuter element, we should now 
choose the value we would like to obtain if the 
aggregation is performed with only neuter elements. 
This can be interpreted as to choose the value that 
will be showed by an empty balance. 
Mathematically this is translated by the choice of the 
value of h(0). 

The form of the function: After we fix this point 
we must decide the form of h. This function 
performs a topological transformation on the total-
weight scale, in the same way as f does on the scale 
of the lever. So, we can now apply all the remarks 
for f to h, taking into account that this time the 
function h acts on the aggregated value of all 
weights and not on the individual weights as the f 
does. For instance, if h is constant on an interval, 
this will mean that the total weight on this interval 
will not change. More generally, if we now consider 
the sensitivity we observe that, on a point where the 
value of the derivative of h is high, a small variation 
of any of the weights will produce a significant 
variation of the total-weight. 

The monotonicity: Here again it is natural to 
choose a monotonous function. But if we do not, we 
will observe some strange behaviors: for example if 
we keep increasing the weight of one of arguments 
then the total-weight may change its tendency (from 
increase to decreasing or vice-versa). This may be 
interpreted by saying that we consider that after a 

threshold the total-weight is considered extreme and 
we decrease its value. 

The continuity: Another natural choice is the 
continuity. But a discontinuity can be interpreted as 
a jump on the total-weight scale. For example a step 
function implies that the balance round off the final 
weight. 

The global behavior: Since the function h arrives at 
the end of the construction we may have some 
global behavior. For instance we may be interested 
in the aggregation of a single element a (or its 
equivalent: the aggregation of an element with a 
neuter element). It seems natural to expect then to 
have a total-weight equal to a. For some authors [13] 
this seems so fundamental that it is included in their 
definition of an aggregation operator. But this 
constraint has strong consequences. Mathematically 
we have: 

( )( ) aafha =∀  (11) 

It implies that on the domain where the aggregation 
is performed, the function h is the inverse function 
of f : 

1−= fh  on the aggregation domain (12) 

This constraint reduces considerably the liberty on 
the construction of the aggregation operator. But if 
we do not respect this restriction, how could we 
interpret the loss of property (11)? The first thing to 
remark is that if the aggregation is done on a great 
number of elements it may not be shocking that the 
aggregation of an element a lost in a large set of 
neuter elements do not give a as a final result. An 
interesting way to relax (11) is to reduce the domain 
of the constraint from all a to the only neuter 
element and the boundaries.  

3.4 Association of Weight 
Now when the construction of the balance is 
completely defined, we can examine the method to 
associate the weights to the elements. We should not 
confuse the association method with the weight 
calculation procedure. These two questions are 
closely related and may easily be merged. Here we 
assume that we know already the values of the 
weights and we study the association method. We 
distinguish 3 different types: 



Object association: This method of association 
consists in assigning a weight to each argument. 
This is the most often used procedure. On the 
balance equation (9) it corresponds to the 
construction of the function σ. Since here σ has none 
particular properties we usually assume that the 
weights have the same index as their corresponding 
argument (i.e. σ(i) = i). A good example where 
object association is used is the case of the quasi-
arithmetic means.  

Ordinal association: This method consists in 
ordering (by some method) the arguments and then 
to associate the first weight to the first argument, the 
second to the second one and so on. On the balance 
equation (9) it corresponds to the use of a 
permutation σ that orders the arguments in an 
increasing (or decreasing) way. A good example of 
aggregation operator where this is used are the 
OWA operators. From a mathematical point of view 
this method corresponds to the symmetrization of 
the first case. 

Cardinal association: This method consists in 
placing the elements on a scale and associate the 
weights according to their position. This new way of 
associating weights can be mathematically translated 
by saying that the associating function σ depends not 
anymore on i, as written in the balance equation (9), 
but on x (i.e. σ(x)).  

4 Why is the obtained construction 
interesting ?  

The use of a physical model for the metaphor allows 
an intuitive representation of the operator. This 
induces that we may simply understand the behavior 
without using mathematics. It also may inspire 
(intuit) new interesting properties and constructions.  

Our model seen strictly as an aggregation operator 
has the following interesting properties:  

Weights of parameters: the weights are introduced 
in a natural way and do not perturb the 
commutativity. 

Reinforcement and Counterbalance: These 
properties seem to be interesting [21] in fuzzy 
modeling and decision making. And they appear 
naturally on the balance. 

Interpretability of the parameters: Since we use a 
metaphor, the parameters have a real physical 
meaning.  

Neuter element: It represents the value associated to 
an argument that has no influence in the aggregation. 
This again seems to be an interesting property in 
fuzzy modeling and decision making. 

Let us now take a more mathematical point of view. 
Since usually we aggregate finite real numbers, we 
will restrict this discussion to operators acting on the 
unit interval (i.e. [0,1]). It has been shown [7] that if 
we require that the aggregation operator satisfies 
some reasonable properties (see below), then all 
these operators can be written in the form : 

( ) ( )( )21
1 xfxff += −α  (13) 

Where f(x) is continuous and strictly increasing. And 
the reasonable properties are the following: 

• Continuity on the unit square except on the point 
(0,1) and (1,0). 

• Requirements related to the Pareto optimum 
(monotonicity). 

• Associativity. 

• Self-dual with respect to a strong negation.  

Another reasonable property set leading to the same 
result was proposed in [12]. The authors required 
instead of the self-duality, the cancellation law on 
the open unit square (i.e. ]0,1[2). 

We observe that (13) is a natural construction of the 
balance equation (9) where all the weights equal the 
unity. By "natural" we mean the fact of using h = f -1, 
even if it is not a constraint. In fact if we take into 
account the constraint (11), then we have 
automatically this property. 

Another natural choice usually performed while 
constructing a balance is to place the neuter element 
somewhere within the unit interval. This property 
combined with the previous choice (see (12)) seems 
to give interesting operators. In fact from a 
theoretical point of view, several authors have 
proposed this operator under different names: 
associative compensatory operators [12], 
aggregative operator [7], or generated uninorms 
[10]. From a practical point of view, it has been 
shown [19],[5] the famous expert systems MYCIN 
[3] and PROSPECTOR used this kind of function to 
aggregate the certainty factors. 

Several authors have shown under several forms 
[12],[10] that if we take the following natural 
choices for the f function: 
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• f is continuous 

• f is strictly monotonous 

• h = f -1 

Then the balance operator will be: 

• associative 

• continuous, it may not be the case for  the only 
points (0,1) and (1,0) 

• strictly monotonously increasing on the open 
unit square 

• h(0) is a neutral element  

• commutative (if we consider that the weights are 
associated to the arguments and not to their 
position in the mathematical formula).  

This result seems very encouraging for the use of 
this model, since its natural choices seem to give 
interesting operators. But these natural choices are 
just preferences and not constraints; in fact the 
balance model tolerates very strange constructions. 

5 Conclusion 

In this paper we presented an analogy between a 
general aggregation operator and the physical model 
of a balance. The faculty of the balance operator to 
take the form of most operators of the classical 
families allows us not only to have the behavior of 
each family, but also to compare it on the same 
general framework. But without taking into account 
the generalization ability, the balance operator can 
be considered as a good operator, because it has 
interpretability of the parameters, we can use 
weights, we can control the behavior, it presents a 
neuter element and it has other interesting 
mathematical properties as reinforcement, 
counterbalancement and commutativity. And 
because several mathematical results point out that 
doing the natural choices we obtain very interesting 
operators, but these preferences are not considered 
as compulsory constraints.  

The aggregation operators obtained with the balance 
can belong to known families. But the advantage of 
using the metaphor is that we do not need to identify 
the family to know the behavioral properties of the 
operator. Another advantage is that the operator can 
be built in a constructive way, where each step has 
an immediate intuitive consequence.  

We can also obtain new operators. We understand 
by new operators that have not been precisely 
studied, because of course all of the operators 
obtained in this framework will have the known 
mathematical form (9). Examples of this new 
operators which will lead us to further works are 
operators where the constraint (11) will be relaxed to 
only some points. Also operators having a cardinal 
method for the weight association can be studied. Or 
even any other construction crossing methods from 
well-known families, as for instance making ordinal 
association to operators other than the weighted 
mean (which leads to the OWA). We should not 
forget either on strange construction where we can  
use non-monotone or non-continuous functions.   

It may be interesting to see that the balance family is 
not universal. Even if this family is very large, we 
are restricted to the operators of the form (9). So we 
can immediately say that for instance operators as 
the Choquet Integral are excluded.   

We presented how to construct aggregation 
operators based on the metaphor of a balance. We 
used a metaphor in order to allow intuitive 
representation of the operator. In [6] we showed that 
it is not the only use. Pushing further the established 
analogy we discovered the notions of the sensitivity 
and the use of the derivative function. There we 
exhibit how to visualize the general comportment, 
how to visualize the sensitivity and how to visualize 
a particular aggregation. We state that the metaphor 
is rich in interpretations. And we hope that it will be 
pushed further. 
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