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Abstract. To automatically retrieve documents or images from a data-
base, retrieval systems use similarity measures to compare a request
based on features extracted from the documents. As a result, documents
are ordered in a list by decreasing correspondance to the request. Several
comparison measures are used in the field and it is difficult to choose one
or another. In this paper, we show that they can be grouped into classes
of equivalent behavior. Then, in a query by example process, the choice
of these measure can be reduced to the choice of a family of them.
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Segmentation.

1 Introduction

Decriptions, queries and similarity measures are the three basic components of
a document retrieval system. In the case of an image retrieval system, an image
is indexed through a visual description (color, shape, texture,...) by means of a
vector or a set of features. The query part of a retrieval system consists, for the
user, in choosing an image or a part of image example. Then the image retrieval
system evaluates the similarity between this request and each image of the data-
base (or a part of it). This is done by computing a similarity measure between
pairs of descriptions. The comparison of two image descriptions is therefore a
fundamental operation for such systems. Obviously then, the choice of a par-
ticular similarity measure is a crucial point. In response to its request, the user
gets a list of images. This list is ordered by the decreasing degree of similarity
to the request.

When a user obtains this list, he tends to ignore the similarity degrees of
the images and focuses on the images themselves. What is important to him is
the order of this list of documents [10, 8], because he will evaluate the relevance
of each resulting images in their order of arrival. The similarity degree is not
examined by the user. Sometimes, it is not even displayed. This similarity degree
is also discarded in the measures evaluating the efficiency of information retrieval
systems. In particular, the recall and precision measures are based on the number
of relevant documents in the first results of the system. Hence, they depend on
the order in which these relevant documents appear, and not on the relevance
values computed by the system for these documents.
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As a matter of fact, the value of the similarity itself is unimportant for both
the user and the system. The system only uses the value to order the results. The
user barely notices this value because his attention is focused on the content of
the result images. Based on this fact, choosing between one measure or another
to compare visual descriptions is of little interest if two measures lead to the
same ordered list.

Very different kind of similarity measures are used in the field. In our image
retrieval system [6], many similarity measures can be used to support various
queries. In particular, we use the fuzzy similarity measures to compute the sim-
ilarity between gradual visual descriptors as those used classically in the field.
This family of measures, first introduced in a psychological context [14], were
adapted to gradual sets [2]. Fuzzy similarity measures can cover various intuitive
user needs. They can also be adapted to various descriptors. As an example of
the measures falling under this formalism, the classical histogram intersection
[12] has widely spread in the image retrieval community.

In this paper we study the set of similarity measures in the perspective of
ordering documents relatively to a request. We show that, if the order of the
results of a system is indeed the only information to be considered for its use
and evaluation, then similarity measures can be grouped in classes of equivalent
behavior. For any given request, measures belonging to a same group do provide
the exact same result order. We also show that the value of one measure can be
predicted from the value of one of its equivalent measures so that we can predict
the outcome of a procedure based on similarity values rather than results order.
We also study the consequences of this result in the context of image retrieval.

We first introduce the similarity measures in a CBIR perspective (see
section 2). We then build a formal theory about order invariance for fuzzy sim-
ilarity measures (see section 3). The three definitions introduced in this section
let us draw equivalence classes that group the similarity measures leading to the
same orders. Then, as an application and an illustration, we focus on a specific
set of similarity measures, that are Tversky’s ratio model measures (see section
4). In this set of measures, we entirely describe the families of equivalent mea-
sures. In the last section (section 5) we discuss the consequences of considering
equivalent measures on the issue of document retrieval by similarity.

2 Similarity Measures for Image Retrieval Systems

Any image retrieval system bases is action on the computation of similarity mea-
sures. Commonly, histogram intersection measures [12], or distance models are
widely used in this field [3, 5, 11]. Generalising and covering different similarity
measures (as histogram intersection), we use fuzzy similitude measures as a tool
to compare image indexes and to evaluate visual similarities.

We first introduce the definition of fuzzy similitude measures, then we ap-
ply some of these measures to the comparison of global histograms. Finally, we
observe an invariance in the ranking provided by different fuzzy similarity mea-
sures. It is not the purpose of this paper to focus on the image representation
we use to compare the images.
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2.1 Tversky’s Ratio Model

Measures of similarity (or dissimilarity) are distinguished into two classes: the
geometric one and the set-theoretic one.

Geometric distance models are the most commonly used approach. Objects
to be compared are considered as points in a metric space. These models are
constrained by 4 properties that a distance has to satisfy: positivity, symmetry,
minimality and triangular inequality.

These axioms were in particular studied by [14], who proposed an approach
based on more psychological considerations. His study concludes on the very
questionable character of the distance axioms. Other studies pointed out the
problematic behavior of distances in high dimensional feature spaces [4, 1]. Tver-
sky proposed a set-theoretic definition of similarity. In his scheme, objects to be
compared are described by means of sets of binary features. Let a and b be two
objects described respectively by the sets of features A and B, and s a measure
of similarity, then s(a, b) = F (A ∩ B, A − B, B − A) with F a real function of
three arguments: the common features (f(A ∩ B)) and the distinctive features
(f(B − A), f(A − B)).

His mathematical formulation (called the Ratio Model) introduces a ratio
between common features and distinctive features. The two parameters α and β
are real positive weights that balance the influence of each part of the distinctive
features (those shared by A and not by B and those shared by B and not by A):

S(a, b) = f(A∩B)
f(A∩B)+αf(B−A)+βf(A−B)

with α, β ≥ 0, and f an additive interval scale.

2.2 Similitude Measures for Fuzzy Sets

Because of the restriction of the contrast model to binary features, we proposed
in [2, 9], a generalisation of Tversky’s model to fuzzy features 1. Furthermore, our
framework enables to study particular families of similarity measures according
to additional properties corresponding to particular needs and behaviours.

In this framework, for any set Ω of elements, Pf (Ω) denotes the set of fuzzy
subsets of Ω and a fuzzy set measure M is supposed to be given such that
M : Pf (Ω) → IR+ and M(∅) = 0 and M is monotonous with respect to ⊆ (for
instance M(A) =

∑
countfA(x)).

Definition 1. An M -measure of comparison S on Ω is a mapping S : Pf (Ω)×
Pf (Ω) → [0, 1] such that

S(A, B) = FS(M(A ∩ B), M(B − A), M(A − B))

where FS is a mapping FS : IR+ × IR+ × IR+ → [0, 1] and M a fuzzy set measure
on Pf (Ω).

We denote X = M(A ∩ B), Y = M(B − A), Z = M(A − B).
1 Latter attempts of generalisation to fuzzy features can be found after the publication

of our work: see [10], [13].
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A measure of comparison captures various families of measures. We are inter-
ested in those which evaluate the likeliness of two descriptions. We have called
them measures of similitude.

Definition 2. An M -measure of similitude S on Ω is an M -measure of com-
parison S such that FS(X, Y, Z) is :

– monotonous non decreasing with respect to X
– monotonous non increasing with respect to Y and Z.

2.3 Image Retrieval by Fuzzy Ressemblance

Our image retrieval system [7, 6] is based on a regional representation of the
images. Regions are extracted automatically by a segmentation algorithm. For
each image of an image database, a description of each of its region is computed
and stored. The image retrieval can then be driven on the basis of regional
queries. The comparison between the descriptors of these regions is computed
using an M-measures of similitude. These measures let us build intuitively modi-
fiable queries, and can be aggregated homogeneously to form composite requests
(requests for images containing several regions of interest) [6].

For the sake of simplicity, we focus here on the classical global representation
(i.e. descriptions of a non segmented image). We represent each image by its
global histogram [12], which gives the distribution of pixels’ colors for a given
color palette C1, ..., Cn. It can be considered as a fuzzy set membership function
HI on the universe C1, ..., Cn. To compute similarities between images, we used
fuzzy M-measures of ressemblance to compare their histograms. For two images
I1,I2, the comparison is done by computing one of the four following measures
based on their histograms HI1 ,HI2 , we denote X = M(HI1 ∩HI2), Y = M(HI2 −
HI1), Z = M(HI1 − HI2), M being the area of the given set:

Sjaccard(X, Y, Z) = X
X+Y +Z

Sdice(X, Y, Z) = 2X
2X+Y +Z

Sochiai(X, Y, Z) = X√
X+Y

√
X+Z

SFermi−Dirac(X, Y, Z) = FF D(φ)−FF D( π
2 )

FF D(0)−FF D( π
2 )

with FFD(φ) = 1

1+exp
(φ−φ0)

Γ

and

φ = arctan(Y +Z
X ), Γ is a positive real and φ0 ∈ [0, π

2 ]. The parameter φ0 controls
the point where the decrease will occur whereas Γ controls the decrease speed
of the measure. These measures generalize the classical similarity measures to
fuzzy sets, well-known in information retrieval particularly.

2.4 Order Induced by a Similarity Measure

In the following sections, we will study the invariance of the order observed
within images ranked by their similarity to a query. Such an invariance can be
observed on the two simple requests shown on the figure 1. Images are described
by a simple global histogram, then two different image requests are given. To
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answer these two different requests we evaluate In the following sections, we will
study the invariance of the order observed within images ranked the similarity
of each entry of our image database (Washington Groundtruth) by means of
two different similarity measures, that are Jaccard and Dice measures presented
in section 2.3. For each query on the figure 1, we clearly see that the results
obtained by the two different similarity measures are ordered the same way.
Practically, for one user these two results are the same.

Formally, for a database of images I1, ..., In, the value returned by a measure
S for the comparison of each entry to a query R is used to order I1, ..., In by
decreasing ressemblance to R.

A similarity measure as defined in 2.2 is computed based on three real values
X ,Y and Z (as denoted in definition 1). Then the problem of ordering pairs of
images by their similarity is extended to the problem of ordering real triplets of
values (X, Y, Z) by a measure of similarity S.

Request 1 with Jaccard:

Request 1 with Dice:

Request 2 with Jaccard:

Request 2 with Dice:

Fig. 1. Two 5-best-results lists using Jaccard and Dice measures applied to image
histograms
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This problem is not only relevant for the simple purpose of global histogram
comparison, but also for any fuzzy set representation, or multiple sets of features.
For example, in our CBIR system, similarity measures are computed to match
regions in each image Ii with regions in a given query R. As we use a best-
matching mecanism, the order induced by the similarity measure between pairs
of regions in Ii and R significantly influences the result of the matching.

3 Classes of Equivalent Similarity Measures

Three formal definitions can be proposed for the equivalence relations between
similarity measures based on order conservation. These are the two first :

Definition 3. For any similarity measures Sa and Sb, Sa is ”equivalent in or-
der” to Sb if and only if

∀(X, Y, Z) ∈ IR+3, ∀(X ′, Y ′, Z ′) ∈ IR+3

Sa(X, Y, Z) ≤ Sa(X ′, Y ′, Z ′)
⇐⇒ Sb(X, Y, Z) ≤ Sb(X ′, Y ′, Z ′)

Definition 4. For any similarity measures Sa and Sb, Sa is ”equivalent by a
function” to Sb if and only if there exists a strictly increasing function:

f :
{

Im(Sa) → Im(Sb)
x �→ f(x)

such as Sb = f ◦ Sa

and Im(St) = {α/∃(X, Y, Z) ∈ IR+3, α = St(X, Y, Z)}.

These two relations are obviously reflexive, symmetrical and transitive. They
define equivalence classes within similarity measures. It is also a well known
fact that these two definitions are equivalent, meaning that two measures are
equivalent in order if and only if they are equivalent by a function.

In a CBIR perspective, what is interesting here is that two measures Sa and
Sb that obtain the same results order are linked one to the other by a bijective

Fig. 2. (a) Sjaccard(X, Y, Z) vs Sdice(X, Y, Z) (b) Sjaccard(X, Y, Z) vs Sochiai(X, Y, Z)
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function. This means that the value computed by Sb for the evaluation of the
similarity of two documents can be predicted from the value computed by Sa for
the same purpose. This observation puts this reflexion beyond our preliminary
hypothesis : if, ever, the order is not the only important information in a result
list (as if the results are thresholded by their similarity value, for example),
we can still predict the values taken by a measure from any of its equivalent
measures. We can then predict the outcome of a procedure relying on the value
of the similarity measure (see section 5).

Thanks to these first two definitions of equivalence, we can show that Jaccard,
Dice and Fermi-Dirac measures belong to the same equivalence class and that
Ochiai’s measure belongs to a different class. The figure 2 illustrates the fact
that Sjaccard can be written as a function of Sdice and can not be written as
a function of Sochiai : a single value of Sjaccard corresponds to many values of
Sochiai (and vice versa).

A ”value versus value” plot such as figure 2 offers a convenient representation
of two measures equivalence. By this kind of graphic, we can simply detect the
equivalence of two similarity measures.

The third definition is based on the level sets of the similarity measures. We
denote the level set of a similarity measure Si at the level λ by Sλ

i :

Sλ
i = {(X, Y, Z)/Si(X, Y, Z) = λ}

Definition 5. For any similarity measures Sa and Sb, Sa is said ”equivalent in
level-sets” to Sb if:

∀β ∈ Im(Sb), ∃! α ∈ Im(Sa) such that Sα
a = Sβ

b

This definition means that measures that are equivalent in level sets have a
common structure of level sets : they rely on the same level sets but maybe on
different levels. Here again we rely on the fact that the value of the similarity
is unimportant. This relation is obviously reflexive. It can easily be proven that
it is also symmetrical and transitive. We have shown that in the case of con-
tinuous measures (as are most of the similarity measures used in the field), this
third definition was equivalent to the two first definitions. This can be shown
thanks to the monotonicity property of the similarity measures for each of their
variables (X ,Y ,Z).

As a result, we have three definitions leading to the same notion of equivalence.
It means that measures that induce the same order in every result list are related
one to the other by a function, and their level sets have identical shapes.

The notion of equivalence between similarity measures leads to the construc-
tion of equivalence classes. Each class gathers similarity measures that are equiv-
alent one to the other. As a result, families of similarity measures can be drawn ;
these families correspond to the sets of similarity measures that induce the same
order within the results of a query-by-example process.
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4 Application to the Equivalence of Tversky’s Similarity
Measures

As an application of our theory, we propose to study the form of equivalence
classes within a particular set of measures: the similarity measures of Tversky’s
ratio model. This model proposed in [14] gathers different behaviors by means
of two weights balancing the influence of the two sets of distinctive features
in the similarity measure. In this section, we give, for this family of measures,
a complete caracterisation of the equivalence classes defined in the previous
section.

4.1 Tversky’s Ratio Model Measures and Their Behaviours

As introduced in section 2.1, Tversky proposed a general expression for the
computation of the similarity, the ratio model:

S(α,β)(X, Y, Z) = X
X+αY +βZ

This formulation gives two free parameters (α, β). The choice of a given couple
of parameters (α, β) leads to a particular measure behaviour, for example:

– if α = β, the measure is symmetrical. Actually, it is a ressemblance measure
(see [2]). Jaccard’s measure (histogram intersection) and Dice’s measure are
two examples of Tversky’s ratio model measures (S(1,1) = Sjaccard, S( 1

2 , 1
2 ) =

Sdice).
– for any α, if β = 0, the measure is called an inclusion measure (see [2]), and

it evaluates the degree of inclusion of A in B.
– for any β, if α = 0, the measure is called a satisfiability measure (see [2]),

and it evaluates the inclusion of B in A. This kind of measure is used for
instance, in decision analysis to evaluate the satisfiability of the observation
of a fact B for the premise A of a rule.

4.2 Balancing Parameter of Tversky’s Ratio Measures

As we have shown in section 3, the equivalence of two measures can be deter-
mined by a study of their level sets. Let us consider two measures S(α,β), S(α′,β′),
and two levels h, h′.

To prove the equivalence of S(α,β) and S(α′,β′), we have to show that, for any
h′, we can find an unique h such as Sh

α,β = Sh′

α′,β′. We can show that it happens
if and only if α.β′ − α′.β = 0.

So, two Tversky’s measures S(α,β) and S(α′,β′) are equivalent of and only if
α.β′ = α′.β. In other words, two Tversky’s Ratio measures are equivalent if their
parameters have the same ratio α

β .
If we are interested only in the order induced by a similarity measure taken

within Tversky’s ratio model, then the choice of the parameters α and β can be
reduced to the choice of a single parameter k = α

β :

– k = 0 for an inclusion measures.
– k = 1 for a ressemblance measure.
– k = + inf for a satisfiability measure.
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5 Discussion

This section studies the consequences of using measures taken in a same given
equivalence class, in other words, the implications of order invariance in some
applications.

5.1 Order Based Procedures Such as Recall and Precision

The first consequence lies in the document retrieval context, where resemblance
measures are used to compare features extracted from the documents. As shown
on figure 1 for Jaccard and Dice, the user will obtain exactly the same results
for any of the measures belonging to a given equivalence class.

Another consequence for this field is more profund and concerns the evaluation
of the retrieval. For two equivalent measures, any recall/precision comparison
based on the lists of the entries retrieved will conclude to the exact same accu-
racy. In particular, if order is invariant between two lists of results, the question
of comparing the numbers of pertinent documents in the first 10 results is void.

Furthermore, as we have pointed it out in section 2.3, if a best-matching
procedure uses comparisons of pairs of objects (in our case, regions), the result
will be depending only on the order of the resemblance values. If that order is
conserved from a measure to another, the final matching will be identical.

5.2 Value-Based Procedures

As we have discovered in section 3, two equivalent measures Sa and Sb are linked
by composition of a strictly increasing function f . This extends the result of our
discussion to value-based procedures such as thresholding, aggregation, etc. For
some purpose beyond the simple query-by-example scheme, we may take into
account the value computed by Sa in a specific operation (averaging with some
other result, thresholding). In this case, we can predict the outcome of this
operation using Sb instead of Sa (every other thing being equal) by using the
equivalence function f to predict the value of Sb.

As an example, if we filter our query results by some lower threshold (all
results must have a similarity value above 0.5), we know that using Sdice (see
section 2) rather than Sjaccard (histogram intersection) will lead the system to
obtain the same ordered results but to present more results because the value of
Sdice depends on the value of Sjaccard and is globally larger.

6 Conclusion

In this paper, we have described both theoretically and empirically existing
families of similarity measures that are bound to obtain the same results in a
query-by-example perspective. As discussed in the paper, the choice of a similar-
ity measure in this perspective can be reduced to the choice of a family of them.
As an example, we have reduced the choice of the parameters of the Tversky’s
Ratio measures to one unique parameter.
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We also discussed the consequences regarding the order of the values issued
from a comparison between pairs of objects used in some applications. We have
shown that we can practically predict the behavior of a system using one or the
other of two equivalent measures.
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